A characterization is provided for each natural number except one (1) by means of an ordered pair of elements. The first element is a natural number called the type of the natural number characterized, and the second is a natural number called the order of the number characterized within those of its type. A one-to-one correspondence is specified between the set of binary trees such that a) a given node has no child nodes (that is, it is a terminal node), or b) it has exactly two child nodes. Thus, binary trees such that one of their parent nodes has only one child node are excluded from the set considered here.
Introduction
Regarding the characterization and concept of binary tree, consult [1, p. 363] , [2, p. 620] , [3, p. 246 ] and [4, p. 352] .
About the use of binary trees in computer science and in artificial intelligence, consult [5, p. 167 ], [6, p. 426 ], [7] , [8] , [9] , [10, ch. 14.4] and [11] .
A number of articles have been published on diverse correspondences and other relations between trees and natural numbers, such as [12] , [13] , [14] , [15] , [16] , [17] and [18] , but these studies do not focus specifically on binary trees.
The comprehension of this article requires only a knowledge of basic notions of mathematical entities and data structures called binary trees, including "root node", "parent node" and "child node".
In this article consideration is given only to binary trees with nodes fulfilling one of the following conditions: a) that the given node has no "child nodes", in which case it would be known as a terminal node (or leaf node); or b) that the given node has exactly two descendants, and would be known as a parent node. Thus, no node in the binary trees considered can be an only child node.
The objective of this article is to establish a one-to-one (biunivocal) correspondence between binary trees and natural numbers. A unique binary tree will correspond to each natural number -1, 2, 3, . . . -and a unique natural number will correspond to any binary tree previously specified. Two variants of this one-to-one correspondence will also be described below.
To establish this one-to-one correspondence, a procedure is described in section 2 to assign an ordered pair to each natural number (other than the natural number 1). The first element of the ordered pair will be characterized as the type of the natural number, and the second element of the given ordered pair will be called the order of that number within those of the same type. Both type and order values are also natural numbers.
The special case of natural number 1, within this approach, will also be addressed in section 2.
In section 3, an algorithmic procedure is described to systematically obtain the characterization of the natural numbers discussed in section 2.
In section 4, two variants are presented for the one-to-one mapping between binary trees and natural numbers.
In section 5, two possible research topics are outlined for future papers, given the results obtained so far.
Type of Each Natural Number and Order of Each
Number within the Respective Type
Type Corresponding to Each Natural Number
A natural number, other than 1, is considered prime if it is divisible by a) itself, and b) the natural number 1. Accept that each prime number is type 1. Thus, for example, each of the prime numbers 2, 3, 5, 7, 11 and 13 are considered type 1; and accept that any other prime number is also type 1. Any number that is not prime is not type 1.
Consider the number 8. If it is expressed as a product of its prime factors, the following result is obtained:
Consider the number 81. If it is expressed as a product of its prime factors, the following result is obtained:
Consider the number 49. If it is expressed as a product of its prime factors, the following result is obtained: 49 = 7 · 7 = 7 2
In these three cases, those of the natural numbers 8, 81 and 49, it can be observed that when expressing the product of its prime factors, the result is a single prime number raised to a power equal to or greater than 2.
Each of these three numbers are classified as type 2. In general, any natural number that can be expressed as a single prime factor raised to a power n equal to or greater than 2 (n = 2, 3, 4, . . .) is considered type 2.
Consider the number 6. When it is expressed as a product of its prime factors, the following result is obtained:
Consider the number 36. If it is expressed as a product of its prime factors, the following result is obtained:
Consider the number 52. If it is expressed as a product of its prime factors, the following result is obtained:
Each of the numbers 6, 36 and 52 is classified as type 3. In general, if a natural number expressed as a product of its prime factors has two prime factors, each of which has a power equal to or greater than one, that natural number is type 3.
The rule used to determine the type corresponding to any natural number equal to 2 or greater than 2 (n ≥ 2) is the following:
1. Any prime number is considered type 1; and 2. The type of any non-prime natural number n greater than 2 (n > 2) is equal to the number of prime factors of which it is a multiple plus 1.
Consider the natural number 729. It may be expressed as follows:
This number, 729, is a multiple of a single prime: the number 3. Of course, 729 is also a multiple of other numbers (such as 9 and 81), but these numbers are not primes. When the above rule is applied to the number 729 to determine its type, it is type 2. That type is 1 more than the number of unique prime numbers (also 1) of which it is a multiple.
Consider the number 490. It may be expressed as follows:
Since 490 is a multiple of three prime numbers (2, 5 and 7), its type is 3 + 1, or 4, according to the respective rule.
Order
Corresponding to Each Natural Number n for n ≥ 2, within the Respective Type
Consider the set of prime numbers: 2, 3, 5, . . . . As accepted above, each of these numbers is type 1. The number 2 is first; so its order, within those in type 1, is 1. The number 3 is the second of those in type 1; thus, its order will be 2. The number 5 is the third type 1 number; thus, its order number will be 3. The number 7 is the fourth type 1 number; thus, its order number will be 4; and so on. A similar approach is used to assign an order number to numbers whose type is greater than 1.
Consider number 78. This number may be expressed as follows:
All three numbers (2, 3 and 13) are primes. Using the rule provided, the type of 78 is one more than 3; that is, 4. Within type 4 natural numbers, 78 is the sixth one. Thus, its order number is 6. Five type 4 numbers are less than 78: 30, since 30 = 2 · 3 · 5; 42, since 42 = 2 · 3 · 7; 60, since 60 = 2 2 · 3 · 5; 66, since 66 = 2 · 3 · 11 and 70, since 70 = 2 · 5 · 7. Therefore, the number 78 is assigned order number 6, within the numbers of its type.
As indicated in section 1, section 3 introduces an algorithmic procedure to characterize each natural number n, for n ≥ 2, with an ordered pair. The first element of the ordered pair is the type corresponding to that natural number and the second element of the ordered pair is the order number corresponding to that natural number, within its type.
This form of characterization for any natural number n, such that n ≥ 2, is exemplified as follows: The natural number 117 can be characterized by the ordered pair (3, 64) . The natural number 598 can be characterized by the ordered pair (4, 143) . The natural number 798 can be characterized by the ordered pair (5, 15) . Specific attention should be given to the natural number 1, according to the approach presented in this article. The natural number 1, shares a feature with prime numbers: It is divisible by itself and by 1. Nevertheless, it is different from the primes because for 1 both numbers are the same.
It was seen above that every prime number is type 1. The number following 1 in the natural numbers is 2; it is also a prime, and hence type 1. Its order number, within those in type 1, is 1. That is according to the criterion described above, the characterization of the number 2 is (1, 1).
The number 1 precedes the number 2, and it is not type 1 because it is not prime; nor is it a multiple of another prime. According to the rule established above to determine the type of each natural number, neither a type nor an order number may be assigned to the number 1. It would be senseless to assign an order number to an inexistent type. This, however, according to the criteria presented in this article, does not affect the possibility of establishing a one-to-one correspondence between natural numbers and binary trees, as described in section 4.
3 An Algorithmic Procedure to Characterize the Natural Numbers (Other than 1)
To explain this algorithmic approach, it is applied to the first 30 natural numbers: 1, 2, 3, . . . , 30. Suppose that each of these first 30 natural numbers, placed one after another in ascending order from 1 to 30, occupies a spatial region limited by side "walls". Each space will be called a cell. Thus, there will be a cell for 1, a cell for 2, another for 3, and so on successively.
If this algorithmic approach is applied to a different number of cells, the process must include a number of cells equal to that number. For example, to illustrate the algorithmic approach for the number 1, 573, there must be 1, 573 cells. Figure 1 displays the cells for n = 30. figure 2 with a slight modification: A dot has been added to each of the cells shown in figure 1 , to represent the multiples of 1 graphically. In this case, these multiples are the numbers 2, 3, 4, . . . , 30. 
Here a dot has been added to each of the cells shown in figure 1 , corresponding to multiples of 1; that is, to the numbers 2, 3, 4, . . . , 30.
Consider the number following 1 (i.e., 2). Is there only one dot in the cell corresponding to 2? If the answer were negative, one would continue with the number following 2 (3), without adding anything to figure 2. However, since there is one dot in the cell for 2, the answer is affirmative. A dot is added to each cell corresponding to a multiple of 2, from 3 to 30 inclusive. This is illustrated in figure 3. Consider the next cell after 2: that of the number 3. Is there only one dot in the cell corresponding to 3? If the answer were negative, one would continue with the number following 3 (4), without adding anything to figure 3. However, the answer is affirmative, because there is only one dot in the cell for 3. A dot is added to each of the cells of numbers corresponding to a multiple of 3, from 4 to 30 inclusive. These cells correspond to the numbers 6, 9, 12, 15, . . . , 30.
Continue using the same procedure, examining one cell after another until the cell corresponding to 30 2 ; that is, up to 15 inclusive. If there is no dot, nothing is added to the last figure. If, however, in any of the cells examined corresponding to a number n, such that n is less than or equal to 15 (n ≤ 15), there is a dot, then a dot must be added to the set of all cells corresponding to numbers that are multiples of n, up to 30 inclusive. Figure 4 represents the results of running the entire procedure for the cells specified. 21  22  23  24  25  26  27  28 29 30 Figure 4 : The results of the entire procedure are shown here.
The type of each of the natural numbers 2, 3, 4, . . . , 30 is equal to the number of dots in their respective cells. For example, there are three dots in the cell corresponding to the number 18; thus the type for number 18 is 3. There are four dots in the cell corresponding to number 30; thus the type for the number 30 is 4.
The order of each number (2, 3, 4, . . . , 30) is determined as specified above. For example, the order of the number 18 (within the type 3 numbers) is 6 because it is preceded by five other type 3 numbers: 6, 10, 12, 14 and 15. The order of the number 30 (within type 4 numbers) is 1 because it is the first type 4 number among the 30 numbers considered. Figure 5 reproduces figure 4 and adds, at the bottom of every cell, the ordered pair for each number, specifying its type and order. The reasoning behind the limit chosen for the first 30 natural numbers (i.e., examining only up to 30 2 , i.e. 15) is the following: Any cell corresponding to a given number greater than 15 with only one dot generates dots for cells corresponding to multiples of that number outside the range considered. For example, if the cell corresponding to 17 is examined, it would have only one dot, and dots would be added to the multiples of 17: 34, 51, 68, . . .. Those numbers are not elements of the set of natural numbers considered (1, 2, 3, . . . , 30) .
Suppose that instead of the first 30 natural numbers, consideration had been given to the first N natural numbers. N could be any natural number. In this case, the procedure to determine whether a dot must be added should be carried out only until the cell corresponding to the number equal to the whole part of N 2 , or Int( N 2 ). If N is even, then Int( N 2 ) is equal to N 2 , or Int( N 2 )= N 2 . Consider the first 2, 548 natural numbers. In this case, the examination process specified must continue only until the cell corresponding to the number 1, 274, since 2,548 2 = 1, 274.
Consider the first 35, 725 natural numbers. In this case, the examination process must continue only until the cell corresponding to the number 17, 862, since Int ( 35,725 2 ) = 17, 862. A list of the ordered pairs is provided in the appendix of this article for the natural numbers up to 1080 (2, 3, 4, . . . , 1080). As seen above, with this algorithmic approach no ordered pair (type, order) corresponds to the natural number 1.
A One-to-One Correspondence between Binary Trees and Natural Numbers

Preliminary Considerations on the Terms Used
As seen in section 1, consideration is given in this article only to binary trees in which each node: a) has no children (a terminal node), or b) has exactly two children; i. e.: each node corresponding to the number 1 has no child nodes, and any node with a natural number other than 1 will have exactly two child nodes. Clearly, the name "trees" used for certain graphs originated from the similarity between their graphical representations and real trees. Thus, the graphic representation of the mathematical entity "tree" has the shape of an inverted tree, with the root node at the top, and the part of the mathematical structure which is similar to the branches of a real tree extending downward.
Each binary tree considered will have one root node. The term "terminal node" will correspond to any node with no children. There is only one case, that of a binary tree corresponding to the natural number 1, in which the only node of that binary tree is both a root node and a terminal node.
Each node that is not a terminal node has exactly two child nodes, and is known as the "parent node" of those two descendants. The relationship between the parent node and either of its child nodes is asymmetric, and it is represented by an arrow. Thus, there is one arrow pointing from each of the parent nodes toward one of its child nodes and another arrow pointing from that parent node to the other child node.
First Variant of the One-to-One Correspondence between Binary Trees and Natural Numbers
First, three examples will be given of that one-to-one correspondence, using the first variant.
The first example is the number 25. According to the procedure described in section 3, this number is type 2 and its order is 5 within the numbers of its type; 25 can be represented by the ordered pair (2, 5) . Figure 6 displays the first part of the binary tree corresponding to number 25. Only the root node (in this case, assigned the number 25) is visible with its two children. The left child is assigned the type of the number 25 (that is, 2) and the right child is assigned the order of the number 25 (that is, 5). Here the root node to which the number 25 was assigned is considered the parent node of the child node to which the number 2 corresponds (the type of the number 25), and of the child node to which the number 5 corresponds (the order of the number 25) within those of its order. Figure 6 : The first part of the tree for the number 25 Next, the two child nodes of the node that the number 2 corresponded to and the two child nodes that the number 5 corresponded to are added to the binary tree that represents 25. This process will be repeated for each new set of two child nodes obtained by the process described, until all are terminal nodes. Recall that the number 1 corresponds to each terminal node.
In all cases, the left child of any parent node is assigned the number corresponding to the type, and the right child of that parent node is assigned the number corresponding to the order of that parent node, respectively.
The complete binary tree for the number 25 is shown in figure 7 . Siince the natural number 1 is assigned to each terminal node of a binary tree with the characteristics described in section 1, it is possible to determine the natural number for each terminal node and begin labelling the parent nodes starting with the terminal nodes. If the numbers corresponding to any pair of child nodes (siblings) are known, the number corresponding to their parent node can be determined. Figure 10 shows the structure of a bare binary tree, and the intention is to find the corresponding natural number for a tree with that structure. Figure 11 : Stages corresponding to the process applied to determine the number -27 -corresponding to the binary tree whose structure was represented in figure 10 Clearly, the graphic representation of the binary tree corresponding to the natural number 1, according to the criterion used, consists of one dot for any node that is both a root and a terminal node. This is shown in figure 12. 
Second Variant for the One-to-One Correspondence between Binary Trees and Natural Numbers
One limitation or characteristic that might be considered undesirable of the one-toone correspondence described in section 4.2 is that it necessarily requires distinguishing between left and right to specify the locations of the child nodes in the graphic representations. Binary trees are usually considered specific cases of graphs but in these mathematical entities this limitation does not exist. This limitation can be prevented with the use of labeled binary trees. In this variant each node other than the root node can be labeled as T (for Type) or O (for Order ) according to whether the natural number corresponding to the node (either type or order respectively) of the parent node of the node considered. Figure 13 is a graphic representation, according to the second variant described here, of the binary tree for the number 27. Recall that figure 11 is the representation without the special tags.
It can observed in figure 13 that each child node is labeled T or O to specify whether the node corresponds to the type or to the order, respectively, of the natural number corresponding to the parent node. Therefore, it does not matter which node is placed to the left or to the right of the other. Figure 13 also indicates a) the number assigned to the root node (27), and b) the natural numbers corresponding to each child node. The latter are have been specified before the respective label for each node (T or O). 
Prospects
It should be observed that in some cases by using tables of different numerical sequences, such as those available in OEIS [19] , the use of the algorithmic approach specified in section 3 to determine the ordered pair corresponding to any natural number could be avoided. Suppose that one desires to find the ordered pair corresponding to the number 996; that is, (4, 275) . A search could be carried out in sequences of natural numbers divisible by different numbers of prime numbers. If the number 996 is found in a sequence of natural numbers divisible by exactly three different primes, then one knows that the number is type 4, according to how the notion of type is characterized for natural numbers. If the order to which 996 corresponds in this sequence of natural numbers is not specified explicitly, it could be determined by counting. Nevertheless, that procedure can generate an undesirable dependence on the data available in the tables mentioned above.
Future articles will address the following topics:
1. a possible application of the results of this paper in the field of information compression 2. a possible use of binary trees to characterize elements belonging to sets of numbers other than that of natural numbers. 
